A new two-loop radiative Majorana neutrino mass model is constructed from the gaugeinvariant effective operator
Introduction
Majorana neutrino-mass models founded upon SM ∆L = 2 operators. Some of the present authors used this approach in [22] to systematically classify the neutrino self-energy diagram topologies and the exotic scalars and fermions they contain. That work builds on the analyses of BL and GJ in providing a guide to the construction of all radiative neutrino mass models that obey certain conditions: the gauge group is that of the SM and no larger, the left-handed neutrinos are Majorana, right-handed neutrinos are absent, there is a single Higgs doublet, and the exotic particles are scalars and fermions only.
In this paper we use the foundations just described to construct a new 2-loop neutrino-mass model based on the operator
where we adopt the notation of [20] [21] [22] . The label 11b tells us that this operator is number 11 in the BL list, and the i, j, k, l = 1, 2 SU(2) index structure is of type b. Written with explicit Lorentz structure it is
Of course it is understood that there is a set of such operators because of the family structure of quarks and leptons. We now use the procedure of [22] to construct an underlying theory. Table IV of [22] tells us to look at Fig. 10 for completions involving scalars only, and Figs. 14 B-D for completions using both scalars and fermions. We choose the latter option, partly because the existing well-studied radiative neutrino mass models use exotic scalars exclusively, and so it is interesting to examine a different possibility. The text discussing Fig. 14 then informs us that diagrams B, C and D are applicable to exotic vector-like Dirac fermions, while only the diagrams in D allow the fermion to be Majorana. We choose the Majorana option, which limits us to diagram D1 and D2, from which we select D2. Making the only allowed identifications of the fermion lines with the fields in O 11b , we arrive at almost a unique model. The remaining choices are the weak isospin assignments of the scalar and Majorana fermion, and the color of the Majorana fermion.
We choose the exotic scalar and fermion multiplets to be, respectively,
where the first entry is color, the second weak isospin and the third hypercharge (normalized so that electric charge Q = I L + Y ). We shall see shortly that two copies of φ are required to produce two neutrino mass eigenvalues of appropriate magnitude, while one copy of f suffices. In Sec. 3 we shall see that the model with three copies of φ, which produces three neutrino masses, is disfavored by constraints from flavor physics. The Yukawa couplings of these exotics to SM fields and the various bare masses are given in where i, j = 1, 2, 3 are quark-lepton family indices, α = a, b denotes the two copies of φ, and chirality labels and gauge indices have been suppressed to reduce clutter. Note that the φ's are scalar leptoquarks, and the choice of isospin singlet over triplet is made for simplicity. The fermion f can be either a color singlet or octet, with the latter chosen to prevent it having the quantum numbers of a right-handed neutrino. The bare Majorana mass m f must be nonzero for this Lagrangian to be ∆L = 2 and thus capable of inducing Majorana masses for the neutrinos.
Besides the SM gauge symmetry group, we have to demand baryon-number conservation, in order to forbid the operators λ QQ ijα Q i Q c j φ α and λ ud ijα u i d c j φ α , which induce proton decay, as discussed in e.g. Refs. [24; 25] . Applying the discussion in [25] , we find the following estimates for φα 6) where g denotes the electroweak gauge coupling constant, M b (M t ) the bottom (top) mass and M m the mass of the charged lepton m . This translates into a strong upper bound on λ ud 33α . Similar bounds can be derived for the couplings λ QQ ijα . Therefore, it makes sense to forbid these couplings by imposing baryon-number conservation.
In the following, we will perform all calculations in the full theory for simplicity using dimensional regularization in the MS scheme. 3 
Neutrino Masses
The neutrino self-energy Feynman diagram depicted in Fig. 1 where 4 is a color factor, N φ is the number of leptoquarks φ α , the integral I ijαβ is defined as
and m d i denote the d-, s-and b-quark masses for i = 1, 2, 3, respectively. Note that this is the exact loop integral, using the full propagators for the massive fermions, with the fermion mass factors in the numerator of Eq. 3.1 arising from the chiral projection operators at the vertices. The matrix M ν corresponds to the effective term ( Specifically, factoring out m 2 f and rescaling the momenta we have:
In App. B we exactly evaluate this integral in general, and in the situation where the quark masses are much smaller than the leptoquark φ and color-octet fermion f masses -specifically where r i/j → 0. We now make some useful approximations. First, since the quark masses are much smaller than those of the leptoquark φ and color-octet fermion f , they may be neglected in the denominator. This is equivalent to treating the internal quark lines in the mass-insertion approximation. As mentioned, this case is evaluated in App. B and is denoted
Also, we only consider the parameter space region where the b-quark mass dominates the numerator, so that the d-and s-quark masses may be put to zero. This requires the Yukawa couplings λ LQ λ df to not be strongly hierarchical in the sense of being able to compensate for the hierarchy in the quark masses. So, the formula for the neutrino mass matrix simplifies to
.6 may be simply re-expressed in matrix notation as
where
If there were only one leptoquark flavor, I would be just a number and Λ a 3 × 1 column vector. The neutrino mass matrix would then be of the form of an outer product of a column vector with its transpose, and hence of rank one. With the d-and s-quark masses switched back on, the exact neutrino mass matrix of Eq. 3.1 is (in general) rank-three, but the two smallest eigenvalues are generally too small to fit the neutrino oscillation data. 4 The necessity of two sufficiently large neutrino mass eigenvalues therefore requires two leptoquark flavors to exist. In that case the third eigenvalue is extremely small and for all practical purposes can be set to zero. Because we choose to adopt the natural parameter space regime where the bottom-quark mass dominates the neutrino mass-matrix formula, from now on we assume that there are only couplings to the third generation in the flavor basis, with the only mixing coming from the SM down-type Yukawa couplings. For most calculations the CKM induced couplings to the first two generations of down-type quarks can be neglected. Hence, we do not discuss the effects of the CKM mixing except in Sec. 5. Given that the smallest neutrino mass almost vanishes, we know that the largest of the neutrino masses is just the square root of the "atmospheric" squared mass difference, namely about 0.05 eV. The new physics in our model must be sufficiently strong to produce this eigenvalue. It is convenient to solve Eq. 3.6 for the 3 × 2 matrix Λ, which can be easily done through a Casas-Ibarra procedure [26] . One obtains
where V ν and S diagonalize the neutrino mass matrix, 10) and the matrix of integrals I,Î = S T IS , (3.11)
respectively, withÎ being a real and positive diagonal matrix. The leptonic mixing or PMNS matrix is defined by In order to understand the flavor structure of the neutrino mass matrix as well as the bounds on the leptoquark masses in more detail, we have to study the flavor structure of the matrix of integrals I, which demands a hierarchy in Λ in order to explain a small hierarchy in the neutrino masses.
Flavor Structure of the Matrix of Integrals I
The main feature of I we wish to demonstrate here is that the matrix develops a hierarchy in its eigenvalues. We will discuss the case with two leptoquarks in detail and generalize it in the end to an arbitrary number of leptoquarks. This hierarchy emerges for a wide range of values of t 1 and t 2 (where 1 and 2 distinguish the two leptoquarks as defined in Eq. (3.3)), however it does not have a uniform origin. Firstly if one of the leptoquarks and the octet fermion are much heavier than the other leptoquark, without loss of generality we can take t 1 → 0 and leave t 2 constant. One can check using the analytic expression in App. B that both I 11 and I 12 = I 21 diverge, the former doing so faster, whilst I 22 remains constant. Accordingly the matrix I becomes singular and thus a hierarchy develops in its eigenvalues. The origin of the hierarchy in this limit is relatively straightforward. Sending t 1 → 0 is equivalent to sending the corresponding leptoquark mass to the mass of the down-type quark that appears in the same loop. In the limit that the two masses are equal a Landau singularity appears and the amplitude associated with the diagram becomes IR divergent. For definiteness, we give an explicit description assuming that t 1 t 2 and therefore I 11 I 12 I 22 :
neglecting the small I 22 and we obtain for the inverse square root of the matrix I,
Through Eq. 3.9, this expression feeds into the determination of the required Yukawa couplings Λ. Note that the flavor structure above implies that the mixing from the matrix I is small, so the eventual neutrino mixing is mainly determined by the Yukawa couplings in Λ. At the other end of parameter space, consider the case when t 1 t 2 . It is easy to check using the analytic expressions in App. B that I αβ shows a weak dependence on the leptoquark masses. In particular,
As the integral is symmetric in the leptoquark masses, we can expand I as follows
Expanding the ratio of the eigenvalues results in a quadratic hierarchy in , given by 2 /4 + O( 3 ). This shows that there is a hierarchy in the matrix I for t 1 t 2 as well. Using this expansion, we obtain a simple expression for the square root of the matrix I,
Note that the leading contribution, which sets the scale of the couplings Λ, is entirely determined by the first row of I − 1 2 . Having understood these two limiting cases, we now draw our attention to the general case, which we analyze numerically. As the absolute mass scale of the integral can be factored out, we see that the hierarchy of the eigenvalues can only depend on the two ratios of masses t α . Hence, we show the hierarchy of the eigenvalues in the contour plot in Fig. 2 . The mixing angle of the integral matrix is maximal (±π/2) for the degenerate case, vanishes for the hierarchical case and can be interpolated between those two limiting cases.
The generalization to more generations of leptoquarks is straightforward by grouping the leptoquark masses with a similar mass scale. There is a large hierarchy between the blocks with similar masses due to the mentioned Landau singularity. Additionally, there is a hierarchy between the integrals involving similar leptoquark masses as discussed for the degenerate leptoquark mass case. So if there are three copies of leptoquarks, large hierarchies among the Yukawa couplings Λ = λ LQ λ df are required to compensate for large hierarchies among the three eigenvalues Generation
The Lagrangian in Eq. (2.4) violates the family lepton numbers and the total lepton number explicitly. Thus we expect rare processes, such as µ → eγ, to place limits on the model parameters. Many of these processes proceed through one loop Feynman diagrams and the associated amplitudes can be reduced into Passarino-Veltman integrals [27] . For the convenience of the reader and for future reference, we have compiled our results in Appendix C and made a Mathematica package denoted as ANT publicly available, which is briefly introduced in Sec. 8 .
In this section, we restrict ourselves to the contributions which are required by the generation of neutrino mass, i.e. those in Eq. (2.4a). For the coupling λ eu in Eq. (2.4b), which does not enter the neutrino mass formula, we only give an estimation of the constraints in Sec. 5. However, we compiled some of the most relevant full expressions in Appendix A. We extended the FeynRules [28] SM implementation to include the new particles and used FeynArts [29] as well as FormCalc [30] to obtain analytical results for the different processes.
In this work, we fix the mixing angles and mass-squared differences to the experimental best fit values (v1. Furthermore we set the lightest neutrino mass to zero and assume vanishing CP phases in the PMNS matrix, i.e. δ = ϕ 1 = ϕ 2 = 0 as well as a vanishing mixing in the matrix O in the Casas-Ibarra-type parameterization of the Yukawa couplings Λ. We expect stronger bounds for non-vanishing CP phases or non-vanishing mixing in the matrix O. We leave the discussion of non-vanishing CP phases in the PMNS matrix as well as a non-vanishing mixing in O for future work. Currently there are no bounds on the Yukawa couplings λ df 3α and, for simplicity, we will conservatively set them to a rather large value of 1 in this work. A detailed study would require each λ df 3α to be varied separately. However simple arguments are already enough to understand the qualitative behavior. The neutrino mass quadratically depends on the combination
and thus a change in the coupling λ df 3α by a factor ξ has to be compensated by a factor ξ −1 in the coupling λ LQ i3α in order to leave the neutrino mass matrix unchanged. The most important flavor-changing processes turn out to be the LFV decays µ → eγ, µ → eee as well as µ ↔ e conversion in nuclei, which all depend on λ LQ i3α . The dominant contributions to the amplitudes of µ → eee and µ ↔ e conversion in nuclei originate from penguin diagrams which are proportional to λ 
Radiative Lepton Flavor Violating Decays l
The first constraints considered are those arising from lepton flavor violating (LFV) processes of the form l − i → l − j γ, such as µ → eγ, which are shown in Fig. 3 . From [33] and the Lagrangian in Eq. (2.4), the amplitude for such processes in this model can be written as
where e is the electric charge, P L,R ≡ 1 2 (1 ∓ γ 5 ) are the projection operators and the coefficients 6 σ L,R are given by
where the mass ratio t 3m = m 2 t /m 2 φm and the loop function F is defined as
Then, the resulting partial decay width of
A comparison to the dominant tree-level decay l − i → l − j ν iνj , neglecting the final state lepton mass, results in a good analytic estimate of the branching ratio,
with s 2 W = sin 2 θ W , which captures the main dependence on the leptoquark masses m 2 φm and couplings λ LQ i3m . In the numerical evaluation, we use the full expression of the partial decay width and the experimentally measured total decay width.
Here we present the contour plots of the branching ratio of µ → eγ at m f = 1 TeV and m f = 10 TeV in Fig. 4a and Fig. 4b . As expected, the region where t 1 t 2 is excluded, because the large hierarchy in the integral matrix I needs to be compensated by a large hierarchy in the Yukawa couplings Λ, which then leads to a large decay width for µ → eγ. For the same m f , the hierarchy gets larger in the third quadrant when leptoquark masses get smaller as shown in Fig. 2 , which leads to a wider exclusion region. For the same t 1 and t 2 , the branching ratio in the first quadrant scales as m −1 f when t 1 t 2 1. Thus the exclusion region in the first quadrant is narrower when m f gets larger. In the third quadrant where t 1 t 2 1, however, the branching ratio scales as m 3 f ln m 2 f for fixed t 1 and t 2 . So the exclusion region gets wider when m f gets larger. The results for τ → eγ and τ → µγ at m f = 1 TeV are shown in Fig. 4c and Fig. 4d respectively, which are similar but less stringent than the constraints from µ → eγ. 
Anomalous Magnetic Moment
In terms of the functions defined in Eq. (4.3), the anomalous magnetic moment is simply
The predicted values for all three flavors are substantially below current experimental limits, implying that these values do not provide meaningful limits on the model. For example, the maximum contribution to the muon anomalous magnetic moment from our model for m f = 1 TeV is O(10 −13 ), which is almost four orders of magnitude smaller than the experimental uncertainty of ∆a
The model has a number of different contributions to µ − → e − e + e − , including photon penguins, Z-penguins, Higgs penguins and box diagrams. As the Higgs penguin diagrams are suppressed by the electron mass, we have neglected their contribution here. We consider the contribution of the remaining diagrams in turn. 7 To begin with the amplitude associated with the γ-penguin can be written as [37] 
where the form factors A
where t am = m 2 ua /m 2 φm and σ L,R are as defined in Eq. 4.3. Note that the external momentum as well as the electron mass m e have been set to zero and all color factors have been taken into account.
Next the contribution from the Z-penguin diagrams can be written as
10) 7 We do not discuss leptonic LFV τ decays, e.g. τ → eee, since they are less constraining like radiative LFV τ decays are less constraining than radiative LFV decays of µ. 8 The full expressions for A L,R 1,2 can be found in Appendix A.
where the form factors F L,R 9 and Z L,R are given by
Finally for the amplitude of the contribution from box diagrams we have
where the form factors B i are given by 10
where 3 is the color factor and all the external momenta and masses have been neglected. The function D 00 can be found in App. C. Using the form factors given above, we can write the decay width for µ − → e − e + e − as follows [37] :
The full expressions for F L,R can be found in Appendix A. 10 The full expressions for Bi are given in Appendix A.
, 15) and an approximate expression for the branching ratio is obtained by dividing by the decay width of the dominant muon decay µ − → e −ν e ν µ , as for the rare radiative LFV decay µ → eγ. We show the numerical results in contour plots in Fig. 5 , where the experimental exclusion region is plotted in red. The bound is much more stringent when leptoquark masses get smaller compared with µ → eγ, since the monopole contribution to the decay width from the γ-penguin, as shown in Eq. (4.9a), is dominant in this case and grows rapidly. When we increase the mass of the colored octet from m f = 1 TeV to m f = 10 TeV, the exclusion region gets smaller in both the first and the third quadrant, because the branching ratio is dominated by the Z-penguin and γ-penguin respectively, which scales as m f ln m 2 f in the third quadrant. Compared with the constraints from µ → eγ, the ones from µ → eee are more stringent in the first quadrant because of the slower decoupling of the contribution from the Z-penguin, while in the third quadrant they are less stringent as long as the leptoquark masses are heavier than the top mass.
µ ↔ e Conversion in Nuclei
The effective Lagrangian contributing to µ ↔ e conversion in this model is [39] 
At one loop, there are several contributions to µ ↔ e conversion in nuclei. The long-range interaction is determined by the electromagnetic dipole contribution, which is described by the coefficients A L,R 2 defined in Eq. (4.9b). The remaining interactions are short-range interactions. Taking all SM particles lighter than the W boson massless, there is only a contribution to the Wilson coefficient of (ēγ µ P L µ)(qγ µ q) from box, γ-as well as Z-penguins:
The gluon penguin contribution vanishes due to its color structure. As the coherent conversion process dominates, i.e. the final state of the nucleon is the same as the initial state [39] , the vector coupling to the sea quarks vanishes and it is enough to consider
The coefficients of the vector interaction with protons and neutrons are defined bỹ
with the coefficients G [39; 40] . In terms of these expressions, we can express the conversion rate as Au (top), 48 22 Ti (center), and 27 13 Al (bottom) at m f = 1, 10 TeV. The Yukawa couplings λ df 3α are set to 1. The current most stringent bound comes from Br(µAu → eAu) < 7 × 10 −13 at 90 % C.L. [35] and the best experimental prospects are from Br(µAl → eAl) 10 −16 [41; 42] as well as Br(µTi → eTi) 10 −18 [41] improving the current limit Br(µTi → eTi) < 4.3 × 10 −12 at 90% C.L. [35] . 16 Table 2 and 48 22 Ti are taken from Table 4 of [39] , while the total capture rates are both from Table 8. where the overlap integrals D, S (p) , S (n) , V (p) and V (n) take values as shown in Tab. 1. The branching ratio is defined by Br(µN → eN ) ≡ ω conv /ω capt . In Fig. 6 we present the contour plots of the branching ratio for µ ↔ e conversion in 197 79 Au, 48 22 Ti and 27 13 Al, where the first gives the most stringent current constraints and the last two may give the most stringent future ones. 11 The current bounds from µ ↔ e conversion in 197 79 Au at m f = 1 TeV and m f = 10 TeV are plotted in red Fig. 6a and Fig. 6b , which are obviously the most stringent ones so far compared with those from µ → eγ and µ → eee. When we increase the mass of the colored octet, the exclusion region gets smaller because the dominant contribution, the Z-penguin, scales as m
f . For µ ↔ e conversion in 48 22 Ti, although the current data gives weaker bounds, the COMET experiment [41] will be able to explore a much larger region of the parameter space or give the strongest bounds in the future, i.e. the dashed thick line in Fig. 6d as well as the whole region shown in Fig. 6c. 
Other Constraints
In the previous subsection, we discussed the most stringent constraints. In this subsection, we discuss constraints which turn out to be not competitive compared to the constraints from LFV processes. We start with dimension-6 operators generated at tree-level using the list of constraints compiled in Ref. [44] , then discuss bounds from meson mixing, the b → s transition using the constraints in [45] and finally generic dimension-6 operators LLQQ generated at the one-loop order using the list of constraints in Ref. [44] .
Processes from ∆F = 0 Operators Generated at Tree Level
Integrating out the leptoquarks leads to a few new operators at tree-level involving only the third generation of quarks. In particular, we generate the operators
with their Wilson coefficients given by
The bound from µPb → ePb conversion by the SINDRUM II experiment [43] is less competitive than µ ↔ e conversion in 
Meson Mixing
The most general effective Hamiltonian has the form, following the notation of [46] , The leptoquarks contribute to meson mixing via one-loop box diagrams with neutrinos and leptoquarks in the loop. These box diagrams only induce the Wilson coefficient
in the approximation of vanishing SM fermion masses. Note that the chirality structure differs from the ordinary SM contribution of the one-loop box diagram with W -bosons and tops in the loop (see e.g. [47] ):
with the well-known Inami-Lim function [48] S 0 (x) = x 1 4 + 9 4
There is no contribution from the leptoquarks to D 0 −D 0 mixing. As the different operators are mixed by renormalization group running, we have to evolve the Wilson coefficients from the matching scale to the scale of the relevant meson. Hence, the meson mixing amplitudes forB q − B q with q = d, s as well asK 0 − K 0 mixing are given by i as well as the matrix elements for K (B) meson mixing can be found in Ref. [49] ( [50] ). As we are only interested in an order of magnitude estimate, we will take Λ = m t , i.e. η = 1, which means we are neglecting the running from the leptoquark mass to the top-quark mass. In this approximation, the meson matrix elements are 
34) where we assumed that the leptoquarks have similar masses in the last equation and inserted S 0 m 2 t /m 2 W ≈ 2.3. The UTfit collaboration [46; 51] simultaneously determines the CKM parameters and constraints on ∆F = 2 processes in terms of ratios of the meson mixing amplitudes M |H eff |M normalized to the SM prediction:
The current best fit values for these parameters are given by [46; 51; 52]
Hence, B meson mixing constrains the new physics contribution to be less than ∼ 10 − 15% of the SM contribution and the absorptive part of the K meson mixing 12 constrains new physics to be less than ∼ 20% compared to the SM. Therefore, we can naïvely estimate which demonstrates that meson mixing does not lead to new competitive constraints.
Constraints from the b → s Transition
Recently a model-independent analysis [45] constrained the operators relevant for the b → s transition. We will apply the constraints from this analysis to our model. The new physics contributions to the b → s transition are described by the following effective Hamiltonian [53]
where the most sensitive operators to new physics are given by
The analysis in [45] assumed C ( ) 9,10 to be independent of lepton flavor. In our model we expect all couplings λ LQ i3m to be of the same order of magnitude and therefore the decays are almost independent of lepton flavor. Although LFV decays are allowed in our case, this analysis should give bounds of the correct order of magnitude. Reference [45] also assumed the (pseudo-) scalar operators C (µ h ) [45] . In our case, there is a contribution to C ( ) 8 , so we have to interpret all constraints on C (µ h ) as discussed in Ref. [45] . 12 As the SM contribution to ∆mK is affected by long-distance contributions and can not be calculated reliably [52] , we do not attempt to use it as constraint. The constraint shown in Eq. (4.36) is obtained under the assumption that the long-distance to ∆mK can be as large as to saturate the experimental value. [52] 13 We denote the new physics contribution by C 
20
In our model, the Wilson coefficients in the approximation of massless lepton and light quark masses are given by
40)
for the photonic and gluonic dipole operators, and therefore the combinations constrained by the analysis are Neglecting the phase of C ( ) 7,ef f , the strongest constraint from Tab. 3 in [45] translates into |C 7,ef f | < 0.017 and |C 7,ef f | < 0.20 and therefore the constraints on C ( ) 7,ef f do not give competitive constraints on the leptoquarks φ m compared to those from LFV processes.
The non-vanishing Wilson coefficients of the dimension-6 operators are evaluated as The right-handed counterparts, C 9,10 , are proportional to m s and vanish in the limit of vanishing quark masses for the first two generations. The Wilson coefficients C ( ) S,P vanish in the limit of massless neutrinos as well as the first two generations of leptons. Again, a comparison with the constraints in Tab. 3 of [45] shows that the constraints on C 9,10 do not lead to competitive constraints on the leptoquarks φ m .
Finally, let us comment on the newly measured decay B s → µ + µ − at the LHCb experiment [54] as well as CMS experiment [55] . This measurement improves the constraint on C 9 and C 10 . Naively rescaling the bound by the square root of the uncertainty in the measured branching ratio over the upper bound, we expect at most an improvement by one order of magnitude compared to the previous constraint. However, the constraints from LFV processes are still much stronger even assuming a very optimistic improvement of one order of magnitude over the old constraint.
∆F = 1 Flavor Changing Neutral Current Processes at One-Loop Level
In the previous subsection we have discussed constraints from the b → s transition and in this subsection we broaden our view in this direction. Specifically we consider ∆F = 1 operators, i.e. operators with a change of quark flavor. This brings in constraints from processes like (semi-) leptonic meson decays, precision measurements of Z-decay as well as collider searches for contact interactions. Neglecting all lepton/quark masses except for that of the top quark, the FCNC processes are determined by the following effective operator:
Note that the corresponding operator with an up-type quark current vanishes in this limit. Evaluating the expression, we arrive at an analogous expression to Eq. (4.44), A comparison with the list of constraints on two-lepton, two-quark operators in Tab. 2 of Ref. [44] shows that the most constrained operators are D 1212 < 3 × 10 −7 = 8 × 10 −4 |V * td V ts |, D 2312 < 8 × 10 −5 = 1.9 × 10 −3 |V * ts V tb |, D 2311 < 1.8 × 10 −4 = 4.3 × 10 −3 |V * ts V tb |, and D 2322 < 7.0 × 10 −5 = 1.7×10 −3 |V * ts V tb |, where we already weighted each constraint by the CKM mixing. Most constraints originate from (semi-)leptonic B-decays as well as leptonic K L decays. We already discussed the constraints from the b → s transition in a previous section. None of these constraints are competitive to the constraints from LFV processes.
Constraints from Other Flavor-and Lepton-Number Violating Processes
In the previous section, we have discussed the constraints from flavor physics for the Yukawa couplings required by the generation of neutrino masses. In the next two subsections, we address the remaining couplings, which will be generated radiatively in any case. We then discuss neutrinoless double beta-decay.
Constraints Induced by Right-handed Coupling of the Third Generation
Now we consider the constraints from processes induced by non-zero λ eu i3m . Suppose this coupling constant is set equal to zero at some scale µ 0 . At other scales, it will be nonzero, and can be estimated by looking at the non-diagonal contribution to the renormalization group equation from a vertex correction,
where Y u and Y e are the up-quark and charged-lepton Yukawa couplings of the standard model in the LR convention, and t = ln µ. This leads to the estimate .2) i.e. the couplings to the different charged leptons are suppressed by their respective Yukawa couplings (y e , y µ , y τ ) = (2.9 × 10 −6 , 6.1 × 10 −4 , 0.01). The couplings of the first two right-handed generations of up-type quarks are even further suppressed. We will discuss them in the following subsection together with the left-handed couplings to the first two generations. These couplings will lead to additional contributions to LFV processes. In Appendix A, we summarize the formulae of the additional contributions for radiative LFV decays, µ − → e − e + e + as well as µ ↔ e conversion in nuclei in order to illustrate their effects. Generally, we expect similar constraints for the right-handed couplings (neglecting the left-handed couplings) as for the left-handed couplings. However, there might be cancellations and the bounds weakened if both couplings are present. In order to illustrate the constraints on the couplings λ eu in presence of the couplings λ LQ , we will consider six benchmark points and calculate the constraints for these points. The results are shown in Tab. 2 and the bounds on λ eu 33m are of the order of 10 −5 − 10 −3 assuming the mentioned constraints. Obviously, the bounds get weaker the larger the overall mass scale. The upper bounds are all higher than the estimates of Eq. (5.2), so it is phenomenologically consistent to set these Yukawa couplings to zero at µ 0 ∼ GeV. Table 2 : Experimental constraints on λ eu 33m from the three most constraining LFV processes under the assumption that both matrix elements are equal and λ df 3m = 1.
Constraints from Flavor-Violating Processes Induced by Coupling to the First Two Generations of Quarks
Similarly to the right-handed coupling λ eu , the couplings to the first two generations are generated radiatively as well. The wave-function renormalization of the left-handed quark doublet induces the following flavor-non-diagonal contributions to the coupling λ LQ :
where Y u and Y d are the up-and down-type SM quark Yukawa couplings. Hence the RG contribution to the left-handed coupling to the first two generations of quarks can be estimated as 4) or explicitly in terms of the Wolfenstein parameterization as
The couplings of the first two generations to the leptoquark φ and the fermionic color-octet f , described by λ df , is not induced at one loop if the right-handed mixing in the down sector vanishes
where the second equality holds for vanishing right-handed mixing. A small mixing is however induced at the two-loop order. We will restrict ourselves to the discussion of the tree-level processes, since it is not the main focus of our paper, but would like to point out that there are also constraints from quark FCNCs, like meson mixing and b → s transitions, as we discussed in the previous section. In comparison to the previous section, these processes are not suppressed by the smallness of the CKM mixing angles. At tree-level, the leptoquark induces several operators of the type LLQQ
The Wilson coefficients are given by
Using the analysis in [44] , we can derive bounds for the different operators. 14 The tensor operators have not been studied in [44] , neither possible scalar operators, where the color indices are not contracted within the same fermion chain. However, similar bounds should apply as for the scalar operators. Therefore, we will use the bound on the corresponding scalar operator to obtain an order of magnitude estimate for the bound of the tensor operator. As the CKM (PMNS) mixing angles are small (large), we approximate them by the identity (democratic, U ij ∼ 1/ √ 3) matrix. Under these assumptions, we obtain constraints on the products of the couplings λ LQ,eu λ LQ,eu * . We will only highlight the most important constraints and refer the interested reader to the tables in [44] , particularly Tabs. 3,6,7 as well as Tabs. 12-15. The most stringent constraints originate from leptonic meson decays, especially charged meson decays, as well as µ ↔ e conversion in nuclei. The constraints from leptonic charged meson decays especially constrain the operator C CC,RR ijkl ∼ 2.3 λ eu jlm λ LQ * ikm m 2 W /m 2 φm neglecting mixing. A selection of constraints from Tab. 14 in [44] :
• The measurement of the ratio of pions decaying to electrons vs muons, R π , constrains λ eu i1m λ LQ * 11m
6.8 × 10 −6 m 2 φm /m 2 W as well as λ eu i1m λ LQ * 21m
• The measurement of K + →ēν i leads to λ eu i2m λ LQ * 11m
• The measurement of R K leads to λ eu i2m λ LQ * 21m
• The measurement of B + →ēν leads λ eu i3m λ LQ * 11m
• The measurement of B + →μν leads to λ eu i3m λ LQ * 21m
• The measurement of B + →τ ν leads to λ eu i3m λ LQ * 31m
• The measurement of D + →μν leads to λ eu i1m λ LQ * 22m
1.6 × 10 −3 m 2 φm /m 2 W . Furthermore, we would like to highlight the constraint from µ ↔ e conversion in nuclei via a leptoquark exchange µu → φ → eu. In this case the only relevant nonzero couplings in the effective Lagrangian Eq. (4.16) are
Plugging them in Eq. (4.22), we obtain for the conversion rate
Assuming that there is no accidental cancellation between the different terms, we obtain bounds on the different coupling combinations of the order of We conclude that there are already strong constraints on the couplings to the first two generations. In particular the coupling to the first generation of quarks is constrained by π ± decays via the measurement of R π and the constraints from µ ↔ e conversion in nuclei. 
Neutrinoless Double Beta-Decay
As well as constraints from flavor violation, there are also, in principle, constraints from total lepton-number violating processes such as neutrinoless double-beta decay. A complete classification of all possible tree-level contributions to the relevant effective dimension-9 operators of neutrinoless double beta-decay has been given in Ref. [19] . There are two possible contributions in this model besides the standard contribution from light neutrinos; they are shown in Fig. 7 , the short-range contribution 5-i in the notation of [19] as well as the long-range contribution 2-i-b. The couplings of the leptoquark contributing to neutrinoless double beta-decay, i.e. λ 
Collider Constraints
As there are several new particles in the model, which might have masses close to the electroweak scale, they can be searched for at colliders. In particular, hadron colliders, like the LHC, seem promising, because all new particles carry color charge and therefore couple to gluons. We will not perform a detailed collider study, since it is beyond the scope of this paper and thus left for future work, but we will discuss the different search channels for the scalar leptoquark and the fermionic colored octet in the following subsections.
Scalar Leptoquark
The scalar leptoquark φ α is mainly pair-produced in gluon fusion as well asannihilation, while the production via the exchange of leptons through Yukawa interactions is suppressed. The main pair production channels are shown in Fig. 8 . There are more pair-production channels; however, they rely on Yukawa couplings to the first generation of quarks, which are highly constrained by flavor physics, as we discussed in Sec. 5. Besides pair production, the leptoquark φ α can also be singly produced via its Yukawa interactions λ LQ,eu , but they are similarly suppressed compared to the pair-production channels relying on Yukawa couplings. Figure 8 : Main pair production channels for leptoquarks The leptoquark will decay into either a down-type, mostly b, quark and a neutrino or a top quark and a charged lepton. The decay into b quark plus missing transverse energy (MET) resembles the standard direct sbottom pair production search, but with a reduced branching fraction for m φα > m t . Hence, the possible collider signatures are two b-jets plus MET, leptons and/or additional jets in the final state. The leptoquarks in this model differ from the standard assumption in leptoquark searches that the leptoquark couples to one generation only. Due to the flavor structure of the neutrino mass matrix, the leptoquark has to couple to the third generation of left-handed quarks as well as all three generations of left-handed leptons. The couplings to the right-handed particles as well as the first two generations of left-handed quarks are not required in order to generate neutrino masses and therefore can be arbitrarily small. In fact, the couplings to the first two generations of quarks are strongly constrained by collider searches and especially flavor physics constraints, as we discussed in Sec. 5.
The CMS Collaboration has performed a search for two b-jets plus MET, leptons and/or additional jets in the final state, based on 4.7 fb −1 of √ s =7 TeV data [57] . The analysis sets a lower limit on m φ of 450 GeV assuming a 100% branching fraction to a b-quark and a τ -neutrino.
However the limit from this search is much lower for realistic branching fractions, since the branching fraction decreases from 100% for leptoquarks lighter than the top quark down to 50% for a leptoquark mass much heavier than the top quark. In our model, we expect a limit slightly above the top mass. Nonetheless this situation is certain to change with increased data and the LHC should be able to provide important constraints on this model. A detailed study is left for future work.
Fermionic Colored Octet
The fermionic colored octet f is pair-produced similarly to a gluino, dominantly via gluon fusion. The main production channels are shown in Fig. 9 . It decays via the coupling λ df into a down-type, mostly b-, quark and a leptoquark, which decays via the interactions λ LQ,eu to either a b-quark and a neutrino or a top quark and a charged lepton,
The top quark decays in the usual way into a W boson and a b-quark and therefore leads to another b-jet in the final state as well as additional jets, or a lepton and MET. Depending on Figure 9 : Pair production channels of the fermionic colored octet the masses, the decays are via off-shell particles. Hence the final state contains four b-jets and depending on the decay channel MET, leptons and/or additional jets. As the fermionic colored octet is a Majorana fermion, it can lead to a fermion number violating process and lead to like-sign top as well as lepton pairs in the final state, which are ideal channels to search for new physics due to the small SM background. Due to the similarity of production as well as some of the decay channels with a gluino, we expect that the LHC experiments should be already able to produce reasonable constraints on the colored fermionic octet. However, none of the current searches is directly applicable without a simulation.
In order to set a limit on m f , a recent gluino search from the CMS Collaboration could be exploited [58] . This result is useful as they present the raw numbers obtained at a number of intermediate steps in the analysis, which would allow the differences between our present model and the SUSY gluino scenario to be accounted for. Despite this, we have not done this in the present paper for pragmatic reasons. As seen in Sec. 3, the neutrino mass generated in our model is only weakly dependent on m f , and derived limits are unlikely to meaningfully constrain the model. Future searches may alter this conclusion, but the more interesting constraint colliders can place on this model is through m φα .
Naturalness Constraints
As there are three scalars in the model, we have to discuss the effects of quadratic corrections to the scalar masses from other particles. We will firstly consider the contributions of the scalar leptoquarks as well as the fermionic colored octet to the SM Higgs and then calculate the quadratic correction to the leptoquark masses.
Contributions to the SM Higgs
The newly introduced particles, the colored octet fermion as well as the two leptoquarks, contribute to the effective Higgs potential. For completeness, we give the tree-level Higgs potential
and therefore the VEV H and the Higgs mass m 2 h are given by
, and m
We are especially interested in corrections to the mass terms, since they are quadratically sensitive to the new mass scales. Even setting all new couplings which do not enter the neutrino mass contribution to zero at some scale, there is a contribution dependent on the parameters λ LQ i3α as well as λ df 3α at two-loop order,
Figure 10: Different contributions to the effective Higgs potential where the functions f i encode the structure of the two-loop diagram. The relevant diagrams are shown in Fig. 10 . We will use this contribution to estimate the natural region of parameter space, where the contribution to the Higgs mass is less than 126 GeV, the measured value of the resonance at the LHC:
where we assumed that the loop functions f i (m 2 ) ∼ m 2 . Similarly, at three-loop order, there are contributions to the quartic Higgs coupling. However, they are too small to lead to any competitive constraints. Summarizing, naturalness prefers smaller masses of the new particles.
Naturalness of the Leptoquark Masses
Similarly to the Higgs mass, the mass term of the leptoquark receives corrections to its mass. The most important diagrams are shown in Fig. 11 . We can readily estimate the contribution due to the fermionic colored octet f (δm
m φα (7.5) and therefore the hierarchy between the leptoquark masses and the colored octet mass is limited by naturalness depending on the coupling λ df . Similarly, the hierarchy between the leptoquark masses itself is limited by naturalness (δm 6) where h 1 encodes the loop integral structure. We do not take into account any corrections to the quartic interactions, since they do not lead to any competitive constraints. Concluding, naturalness disfavors a large hierarchy in the masses of the new particles.
Mathematica Code
Together with this paper, we publish the Mathematica package ANT, which provides all PassarinoVeltman (PV) functions up to boxes in the limit of vanishing external momenta using the definitions
Figure 11: Different contributions to the effective potential of the leptoquark of FormCalc/LoopTools [30] . In addition, it includes all first derivatives with respect to the external momenta of the following PV functions B 0 , B 1 , C 0 , C 1 , C 2 , and C 00 , which were necessary for the calculations in this work. See Appendix C for the list of all PV functions contained in the Mathematica package. After loading the Mathematica package, the function ANT is available, which can be used to evaluate an arbitrary expression containing PV functions given in the limit of vanishing external momenta. Besides the function ANT, it defines the functions A0ant, B0ant, C0ant, and D0ant, which directly evaluate to the result for the corresponding functions A0, B0i, C0i, and D0i, respectively, in the given limit. The package ANT can be downloaded from http://ant.hepforge.org. In order to illustrate the use of ANT, we give one short example and refer the interested reader to the documentation for further information. The following example code << ANT.m; expr=a + b C0i[cc0,0,0,0,m1s,m2s,0]; ANT [expr] leads to the output a + b 2 m1s 2 log(m2s) + 3 m1s 2 − 2 m1s 2 log(m1s) − 4 m1s m2s + m2s 2 6 (m1s − m2s) 3 .
Summary and Conclusions
The origin of neutrino masses and mixings is one of the most important topics in physics beyond the standard model. The three well-known see-saw models are tree-level scenarios for Majorana neutrino mass generation that lie at one end of a whole sequence of possible models. Viewing these theories from the vantage point of gauge-invariant and baryon-symmetric effective operators that violate lepton number conservation by two units, the see-saw models are seen to be the simplest UV completions of the dimension-5 Weinberg operator LLHH. The other models in the sequence are based on more complicated effective operators, and they necessarily feature radiative neutrino mass generation. We have constructed and thoroughly analyzed the constraints on a new model of this kind, based on a certain UV completion of an effective operator with flavor structure LLQd c Qd c . This is the first time, to our knowledge, that a radiative neutrino mass model involving exotic fermions in addition to exotic scalars has been so exhaustively studied. Neutrino masses and mixings are generated at 2-loop level using a Majorana color-octet fermion and two copies of a color-triplet, isosinglet, charge −1/3 leptoquark scalar.
Fitting the parameters to reproduce the observed neutrino masses and mixings, we then derived the constraints on the remaining parameter space from various, mainly flavor-changing processes. We focused on the region of parameter space where the only relevant Yukawa couplings were to the third generation. We found that the lepton-flavor-violating processes of µ to e conversion in nuclei, µ → eγ and µ → eee provided the most stringent constraints, as summarized in Figs. 4-6. We also derived bounds from other processes -exotic contributions to Z and t decay, neutral-meson mixing, b → sγ -that turned out to less constraining on the parameters of this particular model. Finally, we estimated bounds on Yukawa coupling constants that play no role in the generation of neutrino mass but are required by the theory to exist. These included the couplings of the leptoquarks to right-handed up-type quarks and charged leptons, and other Yukawa couplings to the first two generations of quarks and leptons.
Collider constraints were also examined. While the leptoquarks have the same quantum numbers as right-handed sbottoms, and similar states have in general have been searched for at the LHC, currently no useful collider bounds exist. The reason is that the characteristic leptoquark decay branching ratios in this model, as driven by their role in neutrino mass generation, place them out of view of current searches. This situation is expected to change in the future, however. The exotic fermion resembles a gluino, but since the neutrino masses and mixings do not depend critically on its mass, current collider constraints are not significant.
The dashed black lines in Figs. 4-6 show expected sensitivities of future experiments. Clearly, the best prospects lie in the quite significant improvements expected in µ to e conversion measurements [41] . In addition, it would be very useful to extend the scope of LHC searches for leptoquark scalars to encompass a wider range of decay mode branching ratios.
A More Details of Flavor Physics
In this section, we summarize general formula for the contributions to LFV rare decays involving left-as well as right-handed couplings.
A.1 l i → l j γ Contributions to l i → l j γ from left-as well as right-handed couplings to the third generation of quarks are given by 
A.3 µ ↔ e Conversion in Nuclei
In this subsection, we list the right-handed contributions to µ ↔ e conversion in nuclei 
B Calculation of I ijαβ
In this section we evaluate the integral I ijαβ from Eq. 3.4 in general, and in the limit of vanishing quark masses. To do this we will partly use the results of [59] . Firstly we can use partial fractions
D Effective Operator Approach to Neutrino Masses
In terms of an effective field theory language using dimensional regularization and MS, the dominant contribution to neutrino masses does not originate from O 11b , but from O 1 . We will argue this in the following. Assuming that m f ∼ m φ ∼ M v, we can match the full theory to the effective theory at the scale M . In particular, we generate a dimension-5 operator O 1 by matching at two loop and the operator O 11b via tree-level matching. The Wilson coefficients C 1 (C 11b ) of the two operators O 1 (O 11b ) are given by After EW symmetry breaking, O 11b also contributes to neutrino masses, but its contribution is suppressed compared to the contribution of O 1 by the bottom quark Yukawa coupling squared Using a cutoff regularization scheme, the estimate of the different contributions to neutrino masses is different, since A 0 ∼ M 2 and the effective operator O 11b can be the dominant contribution to neutrino mass.
A similar discussion applies to other ∆L = 2 operators. In fact, it is straightforward to generalize the argument to all ∆L = 2 operators.
